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Theory of wave scattering by distributed scatterers for remote
sensing applications

V. I. Tatarskii

Zel Technology and NOAA/ETL, 325 Broadway, Boulder, CO 80305, USA

Abstract. We show that the Fraunhofer diffraction approx-
imation can never be used in the theory of scattering by
distributed scatterer (such as turbulence) in the far zone of
antenna. We consider the single scattering of waves in a
medium containing weak refractive index inhomogeneities
using a Fresnel diffraction approximation. We do not intro-
duce scattering volume but consider a transmitting antenna
with a Gaussian distribution of current and a receiving an-
tenna with a Gaussian distribution of attenuation across the
aperture. The results obtained are valid both in the near and
far zones of the antenna. The known contradiction between
the applicability of the Fraunhofer diffraction approach and
the size of the scattering volume formed by intersection of
directivity diagrams is resolved. Similar to the far zone ap-
proach, the scattering intensity obtained is proportional to the
Bragg component of the inhomogeneities that are averaged
in Fourier space using some specific weighting function, de-
pending on antenna size and pulse duration. The concept of
a scattering cross section cannot be used for this problem and
another more flexible normalization is suggested.

1 Introduction

The standard theory of electromagnetic wave scattering in a
medium containing random inhomogeneities is based on the
Fraunhofer diffraction approximation Tatarskii (1967). This
means that in limits of transverse scaleL⊥ of the scatterer
we can consider the incident wave as a plane wave. The
condition of applicability of the Fraunhofer diffraction ap-
proximation is as follows:L2

⊥ � λr, whereλ is the wave-
length andr is the distance from the antenna to the scat-
terer. If this condition is true, we can neglect the quadratic
terms in the phase expansion in powers of transverse coor-
dinates. This condition may be fulfilled for a small isolated
discrete scatterer. The situation is different if we consider
wave scattering in a medium containing distributed random
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inhomogeneities. In this case, the scatterer (i.e., fluctuations
of the refractive index) fill in the whole antenna beam and
the transverse scale of the scattererL⊥ coincides with the
antenna beam widthD. If we determine the scattering vol-
ume to be the overlapping of the transmitting and receiving
antenna diagrams, we obtainD ∼ γr, whereγ is the an-
gular size of antenna beam:γ ∼ λ/a. Here, a is the an-
tenna size (we do not include any numerical coefficients in
formulae describing proportionality∼). In the far zone of
the antenna, wherer � a2/λ or

√
λr/a � 1, we have

D ≈ (λ/a) r =
(√

λr/a
)√

λr �
√

λr. Because we have

L⊥ ≈ D for a distributed scatterer, this inequality means
that in actuality, in the far zone of the antenna,L⊥ �

√
λr

and therefore the condition of applicability of the Fraunhofer
diffraction, L⊥ �

√
λr, cannot be satisfied for distributed

scatter. This situation is illustrated in Figure 1. The antenna
beam is shown in blue, the Fresnel zone is shown in red. The
ticks along the abscissa represent the ratioZ = r/ka2 (the
distance from the antenna, measured in Fraunhofer length
ka2); the ticks along the ordinate represent the transverse
scales of the beam and the Fresnel zone, measured in antenna
scalea. Inhomogeneities are schematically shown in green,
but all the collection of green objects must be considered as
a single scatterer. In the far zone of the antenna (i.e.,Z � 1)
inhomogeneities fill in the whole incident beam, and because
of this it is impossible to satisfy the conditionL⊥ �

√
λr.

The attempt to resolve this contradiction was made in
Tatarskii (1971), in which the variable scattering vector that
changed its direction inside the scattering volume was intro-
duced. To derive the scattering cross section, the condition
L2

0 � λr was used, whereL0 is the correlation (integral)
scale of inhomogeneities. However, conditionL2

0 � λr
contains the scaleL0, which has no relation to the actual
scattering Bragg scale component of dielectric permittivity
fluctuations. We can, for instance, consider two inhomoge-
neous media having different scalesL0, but have the same
intensity of the Bragg scale Fourier component. These two
media would scatter the wave in a similar way, but condition
L2

0 � λr may be true for one of them but not for the other
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Fig. 1. In the case of random fluctuations of dielectric permittivity, the scatterer (instantaneous distribution ofε′) fills in all the incident beam
and its scale can not be considered as small in comparison with

√
λr.

one. Thus, it is unlikely that conditionL2
0 � λr is really

important.
In this paper, we consider the scattering in a more realis-

tic formulation. To avoid usage of the conditionL2
⊥ � λr,

we consider the scattering in the Fresnel approximation. In-
stead of introducing the scattering volume, we include the
model of transmitting and receiving antennas in an explicit
form. Such a consideration allows us to avoid bringing in the
scattering volume - the corresponding weighting function ap-
pears automatically. We consider these antennas as Gaussian
(Gaussian distribution of the amplitude of initial field across
the transmitting antenna aperture, and Gaussian attenuation
across the receiving antenna aperture). Such an approach
works well with the description of scattering in the Fresnel
approximation, in which we keep the quadratic terms in the
phase expansion. The combination of these two approxima-
tions allows one to perform all the calculations in closed ana-
lytical form. The longitudinal scale of the scattering volume
is determined by the electromagnetic pulse envelope, which
we also assume to be Gaussian. The correlation lengthL0

does not appear among the parameters determining the ap-
plicability of the considered Fresnel scattering approach.

2 Single scattering in the Fresnel diffraction approxi-
mation

In the scalar approximation, the scattered field is given by the
formula

Esc (r,t) = −k2

∫∫∫
G0 (r− r′) ε′ (r′)E0 (r′, t) d3r′. (1)

Here,G0 (r− r′) = − exp [ik |r− r′|] /4π |r− r′| , ε′ (r′)
is the fluctuating part of dielectric permittivity,E0 (r′, t) is
the complex amplitude of the incident wave.

Before considering different approximations (Fraunhofer
or Fresnel diffraction) we note that according to(1) , the sin-
gle scattered by dielectric permittivity fluctuations field is
linear in ε′ (r) . If we substituteε′ (r′) in the form of the
random Fourier integral

ε′ (x′, y′, z′)

=
∫∫∫ ∞

−∞
exp (ipxx′ + ipyy′ + ipzz

′) ε̃ (p) d3p, (2)

we obtain the formula having the structure

Esc (r) =
∫∫∫

U (r,p) ε̃ (p) d3p. (3)

This formula is precise and it is true for Fraunhofer, Fresnel,
and all other possible more precise approximations, describ-
ing singlescattering. Only the kernelsU (r,p) are different
for different approximations. The intensity of the scattered
field has the form

〈Esc (r) E∗
sc (r)〉

=
∫∫∫

d3p′
∫∫∫

d3p′′U (r,p′)U∗ (r,p′′) 〈ε̃ (p′) ε̃∗ (p′′)〉 .(4)

However, for a statistically homogeneous fieldε′ the ran-
dom Fourier component̃ε (p) satisfies the relation (see,
e.g. Rytov et al., 1989, vol.3, page 10, formula (1.47)),
〈 ε̃ (p) ε̃∗ (p′)〉 = Φε (p) δ (p− p′) , where Φε (p) =
Φε (−p) is the power spectrum of the refractive index. Using
this formula we obtain for the intensity of the scattered field
Wheelon (1972):

〈Esc (r) E∗
sc (r)〉 =

∫∫∫
Φε (p) |U (r,p)|2 d3p. (5)

The integrand is proportional to the product of the spectrum
Φε (p) by the weighting (window) function|U (r,p)|2 . The
shape of this window function depends on the approximation
used.

The window function|U (r,p)|2 for the case of Fraun-
hofer scattering is known Tatarskii (1967): it is some narrow
function centered around the Bragg wave vector and hav-
ing the scales1/Lx, 1/Ly, and1/Lz, whereLx, Ly, andLz

are the scales of scattering volumeV. We are not sure, how-
ever, that this result is correct, because of the described self-
contradiction in the problem’s formulation. Our goal is to
determine this function for the case of Fresnel scattering.

Let us return to the scattered field, which is described by
the formula(1). The incident field,E0 (r′, t) , assumed to
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be radiated by the transmitting antenna with Gaussian distri-
bution of currents in the aperture plane, is described by the
formula

E0 (r′, t)

= A0M (r′,t)
∫∫ ∞

−∞
dξdηG0 (x′ − ξ, y′ − η, z′)

exp
(
−ξ2 + η2

2a2

)
. (6)

Here,A0 is the amplitude,r′ = (x′, y′, z′) , andz′-axis is
directed perpendicularly to the antenna aperture (not neces-
sarily vertical). The functionM (r′,t) describes the time en-
velope of the radiated pulse. The vector−→ρ = (ξ, η, 0) lies in
the plane of the antenna aperture. The valuea describes an
effective radius of the transmitting antenna.

In the near zone of the antenna (z′ � a2/λ), we may ap-
proximate the time envelopeM (r′,t) by the flat moving slab

of the Gaussian formM (r′,t) = exp
[
− (z′ − ct)2 /2h2

]
.

In the far zone of the antenna, we can use the same formula
if the conditionA ≡ λ4z′2/8h2a4 � 1 is true. For instance,
if λ = 0.3 m, a = 3 m, z′ = 3000 m, andh = 30 m, we
obtainA = 0.125.

UsingM (r′,t) = exp
[
− (z′ − ct)2 /2h2

]
in (6) , we ob-

tain

E0 (r′, t)

= A0 exp

[
− (z′ − ct)2

2h2

]∫∫ ∞

−∞
G0 (x′ − ξ, y′ − η, z′)

exp
(
−ξ2 + η2

2a2

)
dξdη. (7)

In this paper, we consider only the backscattering case and
assume that the receiving antenna coincides with the trans-
mitting antenna. The scattered field at the pointr of the re-
ceiving apertureEsc (r,t) is determined by formulae(1) and
(7) . The field at the receiving antenna feed and the signal are
proportional to the integral ofEsc (r,t) over receiving aper-
turez = 0:

E =
∫∫

Esc (x, y, 0, t) exp
(
−x2 + y2

2a2

)
dxdy. (8)

The distancez′ from the antenna to the scattering volume
is aboutR = ct, and we assume thatz′ � L⊥. We use the
expansion

|r− r′| = |z′|

+
(x− x′)2 + (y − y′)2

2 |z′|

−

[
(x− x′)2 + (y − y′)2

]2

8 |z′3|
+ · · · . (9)

and take into account quadratic terms inρ2
⊥ = (x− x′)2 +

(y − y′)2 . To neglect the last term in(9) , the condition
kρ4
⊥/8z′3 � 1 must be true. This restriction is typical for

a Fresnel diffraction approximation. It can be presented in
the formρ2

⊥ � λR (ρ⊥/R)−2
, wherez′ ≈ R = ct. Be-

cause of the relationγ = ρ⊥/R for the angular sizeγ of the
antenna beam, we can present the last condition in the form

ρ⊥ ∼ D �
√

λR

γ
. (10)

If the numerical factorγ � 1, i.e., if the antenna beam is nar-
row enough, condition(10) can be true even ifD �

√
λR,

i.e., in the far zone of the antenna. Thus, instead of the re-
striction D �

√
λR, which cannot be satisfied in the far

zone of antenna (see Figure 1), in the case of Fresnel approx-
imation we obtain the restriction(10) , which may be true in
the far zone ifγ � 1. Thus, if we retain the quadratic term in
the phase expansion, we resolve the contradiction described
in the Introduction. The relations between the beam width,
Fresnel zone

√
λR, and

√
λR/γ for γ = 0.1 is shown in Fig-

ure 2. It is clear that the condition(10) can be fulfilled in a
wide range of distances.

Substituting(7) , (8) in (1) , and using(9) for G0, (we re-
tain only the first terms of this expansion in the denominators
of Green’s functions), we obtain some multidimensional in-
tegral that contains quadratic form in the exponent. This inte-
gral can be evaluated analytically for the casekρ2

⊥h/R2 � 1
and the result is given by the formula

E = − k2A0a
4

4 (R− ika2)2

∫∫∫
d3r′ε′ (r′)

exp

[
2ikz′ − (z′ −R)2

2h2
+

ik
(
x′2 + y′2

)
R− ika2

]
. (11)

Let us substituteε′ (r′) in the form of the random Fourier
integral(2). Changing the order of integration, we obtain:

E = −
√

2ππikA0a
4h

4 (R− ika2)

∫∫∫ ∞

−∞
ε̃ (p) d3p

exp

[
− iR

4k

(
p2

x + p2
y

)
+ i (pz + 2k) R

−a2

4
(
p2

x + p2
y

)
− h2 (pz + 2k)2

2

]
. (12)

Let us consider the intensity〈EE∗〉. Multiplying (12) by
a complex conjugate formula, averaging, and using the for-
mula〈 ε̃ (p) ε̃∗ (p′)〉 = Φε (p) δ (p− p′) we obtain:

〈EE∗〉 =
π3k2A2

0a
8h2

8 (R2 + k2a4)

∫∫∫ ∞

−∞
d3pΦε (p)

exp
[
−h2 (pz − 2k)2 − 1

2
a2

(
p2

x + p2
y

)]
. (13)

We emphasize that(12) and(13) are correct both in the
near zone of the antenna

(
R � ka2

)
and in the far zone(

R � ka2
)
. We can present formula(13) in the form

〈EE∗〉 =
π4
√

πk2A2
0a

6h

4 (R2 + k2a4)
Φ (0, 0, 2k) , (14)
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Fig. 2. Notations are the same as in Fig. 1. The value
√

λR/γ is shown in black.

where

Φε (p0x, p0y, p0z) ≡∫∫∫ ∞

−∞
d3pΦε (p)w (px − p0x, py − p0y, pz − p0z) ,

w (px − p0x, py − p0y, pz − p0z)

=
ha2

2π
√

π
exp

{
− 1

2
a2

[
(px − p0x)2

+(py − p0y)2
]
− h2 (pz − p0z)

2

}
. (15)

The functionw (px − p0x, py − p0y, pz − p0z) has a maxi-
mum valueha2/2π

√
π in the pointp0 = (p0x, p0y, p0z) ,

and satisfies the relation∫∫∫ ∞

−∞
w (px − p0x, py − p0y, pz − p0z) d3p = 1. (16)

If h → ∞, anda → ∞ the functionw tends to delta func-
tion. For finite values ofh anda, w can be called a filter-
ing (window) function having specific scales1/a in x and
y directions and a specific scale1/h in the z direction. If
the spectrumΦε (p) is a smooth function in the neighbor-
hood of point(0, 0, 2k) , the valueΦε (0, 0, 2k) is close to
Φε (0, 0, 2k) , and formula(14) presents the scattered signal
in terms of the Bragg component of the refractive index. In
the opposite case, ifΦε (p) varies significantly in the scales
1/a or 1/h, formula(14) is also correct, but we cannot spec-
ify some isolated Bragg component of the spatial spectrum
that determines the scattering.

3 Discussion

In conventional scattering theory (see, e.g. Tatarskii, 1967),
the scattering intensity in the Fraunhofer approximation is
presented in terms of the scattering cross sectionσ0. Let
Ssc (n) be the energy flux of the scattered wave in the di-
rection of the unit vectorn, and letS0 (n0) be the energy
flux in the incident plane wave. Then, the scattering cross
sectionσ0 from the unit of scattering volumeV to the unit of

the solid angle, wrapping around the directionn, is defined
by the formulaσ0 (n,n0) ≡ nSsc (n) R2/V |S0 (n0)| . For
scattering by dielectric permittivity fluctuations, the formula
σ0 = 8πk4 sin2 χΦ̃ε (kn− kn0) was obtained in Tatarskii
(1967) (see (4.19), page 68). Here,sin2 χ describes polar-
ization and is equal to1 in our case,Φε (p) is the power
spectrum of refractive index fluctuations, andΦ̃ε (p) is the
power spectrum, averaged in thep-space over the domain of
the order of value8π3/V (see Tatarskii, 1967, page 67).

In the case considered in this paper, we deal with the scat-
tering of the Gaussian beam. The incident wavedoes not
have some fixed direction of incidenceand has adifferenten-
ergy flux in different parts of the scattering volume. In the
case of incoherent summation of fields scattered from dif-
ferent parts of the scattering volume, it is possible to intro-
duce the local values of scattering cross section and obtain
the total cross section. However, the receiving antenna sum-
marizes the scattered fields from different parts of the scat-
tering volumecoherently. In such conditions, we are unable
to determine the scattering cross section using the common
definition.

Instead ofσ0, we consider the ratio of〈EE∗〉 to the analo-
gous value|Emirror|2, which is obtained from the reflection of
the incident field from the plane mirror, which is positioned
at the same distance as the center of the scattering slab. The
value |Emirror|2 may be easily calculated using the Fresnel
approximation for the Green function and forka � 1 the
normalized dimensionless signal is given by the expression

〈EE∗〉
|Emirror|2

= π2
√

π
k2h

a2
Φ (0, 0, 2k) . (17)

In general, different approximations in a description of
single scattering from random inhomogeneities differ only
by the filtering functionw (p− p0) . In this aspect we must
compare the Fresnel and the Fraunhofer approximations.
Formulae for Fresnel scattering and for Fraunhofer scatter-
ing represent a scattered signal with different normalization,
but nevertheless, we can compare them. In both cases the sig-
nal is proportional to the averaged Bragg component of the
refractive index. The averaging operation (spectral window)
in the case of Fresnel scattering is determined by the function
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(15); the scales of averaging inp-space (window width) are
1/a in the transverse to the beam directions and1/h in the
longitudinal direction. This means that only such details of
spectrum shape, which have scales larger than1/a and1/h,
may be resolved. The ratio of the Bragg wave number2k to
the window transverse width1/a can be called the transverse
spatial quality factorQtr. For this quantity we have

Qtr = 2ka ∼ 1
γ

. (18)

As we mentioned in the Introduction, in the case of Fraun-
hofer scattering from statistically homogeneous fluctuations
(distributed scatterers) we are unable to determine scat-
tering volume consistently with scattering theory assump-
tions. Thus, the estimations for the window width (about
1/Lx, 1/Ly, and1/Lz) obtained in the Fraunhofer approxi-
mation (see Tatarskii, 1967) can be questioned. Because the
scalesLx, Ly ∼ λR/a are much larger thana in the far zone
of the antenna, the real width of the spectral window,1/a,
is much wider and the corresponding quality factor is much
less than in the Fraunhofer approach.

Another important difference between our and traditional
consideration is related to the scattering volumeV , entering
in the formulaσ0 (n,n0) ≡ nSsc (n) R2/V |S0 (n0)| . The
value V for the real antenna remains uncertain (using dif-
ferent definitions of beam width we obtainV with different
numerical coefficients). Because of this, if we use the inten-
sity of radar signal to determineΦ (0, 0, 2k) , we introduce
in Φ some uncertain numerical factor. Formula(17) is free
from this disadvantage.

4 Conclusion

Scattering of an electromagnetic field by refractive index
fluctuations is considered using the Fresnel diffraction ap-

proximation. It is assumed that the EM pulse with a Gaussian
temporal envelope is transmitted and received by a Gaussian
antenna. Such consideration allows one to avoid usage of an
uncertain scattering volumeV and also eliminates the con-
troversy between the definition of the scattering volume and
the Fraunhofer zone scattering condition (see Introduction).
The solution obtained is correct both in the far and the near
zones of the antenna. There is no need to assume any rela-
tions between the correlation scale (outer scale)L0 of inho-
mogeneities, the radius of the first Fresnel zone, and the size
of the scattering volume, as was done in Tatarskii (1971).
There is no need to assume an incoherent summation of fields
that are scattered by different parts of the scattering volume;
if such incoherent summation takes place, it would be a par-
ticular case of the general formula(17) . The window shape
obtained in the Fresnel approximation is given by the for-
mula (15) and is determined by the scales of antennaa and
duration of pulseh.
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