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Investigation on the weather radar equation at attenuating
wavelength
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Abstract. Theclassicalweather radar equation is here gen- fects in order to correctly convert measured reflectivity into
eralized to include a range-bin extinction effect due to rain-rain rate. To this aim, iterative and constrained methods
fall path attenuation within each range bin. It is shown thathave been proposed to process radar data either from ground-
only in the case of low-to-moderate attenuating media, thebased or from space-based systems (e.g., Meneghini et al.,
derived range-bin extinction factor is, by definition, closed 1983; Marzano et al., 1999; Testud et al., 2000).

to one so that thelassicalradar equation can be used. These  Neverthless, the validity of thelassicalradar equation

theoretical results are also obtained by using a microwavey attenuating media is not clearly stated in literature. For
radiative transfer approach. Within the assumption of first-frequencies higher than S band and depending on rainfall
order scattering, a new definition of the radar reflectivity intensity, the increase of path attenuation is expected to
(in terms of backscattered specific intensity) yields the SaM&orrespond to the increase of the volumetric albedo and
generalized radar equation. Numerical results confirm thatne scattering asymmetry of hydrometeors (Ishimaru, 1978;
the effect of the range-bin extinction factor, depending onparzano et al., 2000; de Wolf et al., 2000). Limitations to the

frequency and range resolution, can be significant at X banq,se of theclassicalradar equation in certain observational
for intense rain, while at Ka band and above even for moderjrcymstances can be obtained only if the radar equation it-

ate rain. self is framed within a more general theory which includes

multiple scattering phenomena.

In this work, theclassicalradar equation (for simplicity,

1 Introduction considered for a single-polarization or for unpolarized radi-

ation) is generalized to include such a range-bin extinction
Microwave weather (or meteorological) radars represent affect. Numerical simulations are performed by using statis-
well established technique to retrieve rainfall structure andtical relations between reflectivity, rainrate and specific atten-
microphysics (e.g., Bringi and Chandrasekar, 2001). Dueuation taken from experimental results available in literature.
to constraints on the component sizes (e.g., waveguides, an-
tenna reflector) and high power transmitter requested at S
band, higher radar frequencies have been considered for op-
erational purposes (Sauvageot, 1992). As a matter of fact Extended radar equation at attenuating wavelength
for ground-based systems C and X bands have been also se-
lected, while for space-based sensors Ku to W bands hav.T.
been taken into consideration for cloud and rain retrieval
(e.g., Delrieu et al., 2000; Meneghini et al., 1983).

When operating a radar at attenuating wavelength, patrg
attenuation needs to be included in the equation governin%
the quantitative analysis of radar measurements (Meneghini, X
1978; Sauvageot, 1992). As known, hydrometeor path atten- L€t US Suppose an observation geometry, where the radar
uation increases as the frequency increases beyond S bafgiPlaced in the origin. For simplicity of notation, besides
(Sauvageot, 1992). Any radar technique above S band mudf€ Spherical coordinates, (¢, ¢) with respect to the axis,

take into account, and possibly remove, path attenuation ef¥V€ introduce a slant reference coordinate systenv., ¢,)
with the corresponding solid angle. = (6,., ¢,-). In pres-

Correspondence td=. S. Marzano (marzano@ing.univaq.it) ence of an inhomogeneous attenuating medium, the radar

he equation of a pulsed meteorological radar, operating in
an attenuating medium, basically relates the mean received
ower< Pr(r,€) >, obtained from averaging radar echoes
ue the scattering volume bikV;. at a range in the pointing
irection(y, to the transmitted powe?r.
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equation can be stated as follows (Savaugeot, 1991): wheref,(r) is therange-bin extinction factordefined by:
_ PrA?LA(r) _ 1 —2kAr
< PR(T‘, Q()) >= W fb(r) = kA, (]. —e )
GZ(Q ) _ A 1 —2A7,.(7)
/ T 27, (r") 33,1 - _ T
/ (', $) 7z d'r (1) 2A7,(r) (1 ¢ ) ®)
AV,

with A7, the range-bin optical thickness. Equation (5) ex-

where A is the radar wavelength (in vacuumpV;. is the  reqqes the effect of specific attenuation and/or range resolu-
radar resolution volume or cell (spanned by coordinatesgn, yithin the considered radar scattering volume.

° ) .
', 0 and¢,), L is the one-way path attenuation factor from — » comnarison of (4) with thelassicalradar equation sug-

the r_adardantenf?a to the c_onf]ldere(_;l r?”g_eﬁ)'ﬂ'the volu- , geststo define &in-averaged equivalent reflectivity factor
metric radar reflectivityy, is the optical thickness (or path 7" 6 4t a yange r as:

attenuationd) along the range, d3r’ is the elementary vol-
ume within the radar bin. The antenna gain functi®ff?,.) Zep(r,Q0) = Ze(r, Q) f(r) (6)
along Qq is such thatG(Q,.) = Go | f.(2.) |2, with
Go = G(9p) the maximum gain in the pointing directiéiy so that the mean received power can be expressed by the fol-
and| f,,(9,) |? the one-way normalized radiation pattern.  lowing extendedadar equation:

The volumetric radar reflectivity in (1) can be related to

. . . Ze , Q
Iir;en(.—:‘quwalent reflectivity factoZ, by the well-known rela- Pr(r, Q) >= C b(:2 O)Lz(r) @
7 | K |? whereC' is theradar instrumental constant
n(r, ) = 2 Ze(r, ) @) It is worth mentioning that, if either the specific attenua-

tion k is small or the range resolutialyr is short or better the
range-bin optical thicknes&r, is much less than 1, then the
range-bin extinction factor in (5) reduces to 1. Under these
conditions, (7) becomes identical to tblassicalradar equa-
tion in attenuating media. We can conclude that the latter is
a particular case of thextendedadar equation (7).

whereK is the medium polarizability complex factor, while
the path attenuation factor can be expressed as:

—fk:('r’)dr’
L(r, Q) 2 L(r,Q) =L(r)=e ™" =¢ o (3)

beingk the volumetric specific attenuation (or extinction co-
efficient) and having supposed a weak dependende arf
the observation angk@, within the beam. 3 Radiative transfer theory

If the integration in (1) is extended to the finite range . . o .
bin A, (i.e., range resolution) and to the antenna main-lobeScattering and propagation character!stlcs of r_ad|owaves
beamwidth(2,;, (defined as either the 3dB or the —6dB _through a r_ar?dom medium can be profitably studied by us-
solid angle), (1) can be easily re-expressed. Moreover, ifnd theradiative transfer theoryRTT). The need to con-
the radar antenna is sufficiently directive such that the scatSider higher operating frequencies (e.g., for technological
tering volumeAV, can be assumed to be uniformly filed éasons spaceborng radars cannot support large antennas) has
by randomly-distributed scatterers, the equivalent reflectiv-"ecently raised the issue of quantifying incoherent backscat-
ity factor Z, and specific attenuatiohbecome independent tered radiation in radar meteorology problems (Marzano et
of the observation angl@, and range”’ within the radar &l 2000; de Wolf et al., 2000).
volume. In these circumstances (1) can be simplified by The fundamental quantity in the radiative transfer theory is
introducing the antenna two-way radiation solid angle the specific intensity,lalso calledadiance measured in [W
(Marzano et al., 2000). If the antenna power pattern is asM > st~ ' Hz~'] (Ishimaru, 1978). Under the assumption of

sumed to be Gaussian, the expressioft.of yields the well-  unpolarized radiation, the specific intensity of the scattered
known Probert-Jones correction factor to the radar equatiofidiation is solution of a scalar differential-integral equation,
(Sauvageot, 1992). known as radiative transfer equation (RTE).

Under these approximations, the last integrat'inn (1) ) .
can be easily calculated by performing an integration by3-1 Generalized radar equation

parts. Assuming\r < r, that is for large distances from . )
the radar with respect to the range resolution, the mean rel "€ apparent radar reflectivity),, defined as the ensemble

ceived power from an arbitrary range bin can be rearrangedwerage of backscattering cross sections of all the particles
within a unit volume, can be related to backscattered specific

as follows:
) o A intensityIz(r, ©2,) by means of the relationship (Marzano et
Prme | K |? G§Q2 . :
< Pg(r,Q) >~ =L | 61‘1)\2 0°%24 al., 2000):
Ze(/r7 Qo)fb(r) 2 0 — 4i < IR(Ta Q’!) >
TL (r) 4 Ma(r, ) A Fr(r =0, (8)
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whereFr is the transmitted power flux density at range r. In noting thatFr(r, ) = Fy. Previous equation can be re-
analogy to (2), thepparent reflectivity), can be expressed written as:
through theapparent equivalent reflectivifactor: ( | — -2 AT’\)

A {477 < Ig(r, Q) >} Zaros(r, ) = Ze(r, QO)T (14)

mIKE A, Fr(r,0.) ® | |
) beingAr, = 7, for the consider slab geometry and, by defi-
Given the mean value: Ig(r, 2,) > of the apparent pition, the radar reflectivity) = kp.

Zo(r, ) =

rec;eived specific intensity, thapparentbackscattered re- In (14) we recognize the range-bin extinction facgfr),
ceived power< Ppgq(r, {29) > can be expressed as (Ishi- gefined in (5). Thus, an identical expression is found for
maru, 1978): both the apparent equivalent reflectivity factéyros and

A2 the bin-averaged equivalent reflectivity factdy,, given in
< Pralr, ) >= - [ G0) < In(r0) > 0, (10) (g
4

where the directive gai’ has been related to the antenna Zaros(r, Qo) = Ze(r, Q0) fo(r) = Zep(r, Qo) (15)

equivalent areal. through the reciprocity formula, being  preyious results have been obtained for a single homoge-

— 2
Go = (4m/A%) Aco. neous slab. The expression of backscattered radiance can

If < Ir(r, Q) >, and thusi,(r, ©2,), can be assumed o generalized in a straightforward manner to a relationship
constant within the radar scattering volume, it is straightfor-, -4 tor the i-th range bin of a layered atmosphere. Thus,

ward to re-express the mean apparent received power. Thug; - should include path attenuation factoms well.
substituting (8) and (9) into (10), we obtain theneralized
radar equationwhich resembles thelassicalradar equation:
4 Numerical results
< PRa(’I’, Q()) > CL;QO) (11)
" The relation between equivalent reflectivity factdy, spe-
cific attenuationt and rainfall rateR are well documented
in literature and are generally assumed to have a power-law

forms (Sauvageot, 1992):

whereC' is again the radar constant. Notice that then-
eralized radar equatiorin (11) can, in principle, take into
account multiple scattering effects (Marzano et al., 2000).

3.2 Apparent and bin-averaged equivalent reflectivity Z.=aR® & k = cR? (16)

The aim of this section is to derived an explicit expressionwhereq, b, c andd are regression coefficients. The latter are
of Z,, given in (9), from RTT. We limit our analysis to the ysyally derived from the statistical analysisinfsitu data,
first-order scattering following an iterative solution method. coming from rain gauges, disdrometers ans aircraft probes
Let us consider a simple atmospheric model consisting of ge g., Sauvageot, 1992; Bringi and Chandrasekar, 2001). We
finite homogeneous atmospheric slab whose bounds are  have considered here various operational frequencies to eval-
0(i.e,z = 0)andr = 7,. If the specific attenuatioh is  yate the range-bin extinction factor. As previously men-
constant, then the geometrical thickness of the slabris= tjoned, ground-based applications are generally focused on
7-/k. Asin Sect. 2, the radar antenna is placed in 0With  the use of C, X and Ka band, while airborne and spaceborne
a vertical pointing direction along, beingL(r) = 0 inthis  yadars have been deployed at Ku, K, Ka and W band. In this
example. respect, it is worth recalling that the Precipitation Radar (PR)
Under the above mentioned assumptions and by applyat Ku band has been the first rain radar successfully launched

ing proper boundary conditions, the diffuse specific intensityjn space aboard the Tropical Rainfall Mission (TRMM) plat-
IM(0, —pu, ¢) in the first-order scattering (FOS) approxima- form.

tion of the RTE solution is given by (Ishimaru, 1978): From open literature, we have takéh — R andk — R
I1M(0,90) =< Ir(r, Q) >ros= relative'to orographic th.undersf[orms at C and X band derived
wF, ) by Delrieu et al., 2000 (i.e., their Table 2_at°](0): At Ku, K, _
8729(—90, Qo) (1—e?™) (12)  Kaand W band we have resorted to tropical rainfall scenarios

. ) ) by usingZ. — R andk — R from Haddad et al., 1997 (their
wherep(£2, ) is the phase function and = k./kisthe  paples IX-XII for D” = 1.0). Fig. 1 depicts the behavior of
single scattering albedo with, the volumetric scattering co-  these power-law relations for 4 frequency bands (i.e., X, Ku,
efficient. , ) ) K and Ka band) as a function of rainrake

The above expression, substituted in (8), allows one to cal- ko its definition, f, is dependent on the optical thick-
culate the apparent radar reflectivity with slant defth ness (or attenuatior),. of the range bin. Thus, for a given

O — dr < Igr(r,Q) >ros R, beingk determined by curves in Fig. 1, we need to specify
naros(r, o) = 77 F, = the range bin resolutior. The latter, in accordance with
kop(—Q0, 0 B common operational requirements, has been set to 125, 250,

p(QkAOT d (1—e7?) (13) 500 and 1000 m, respectively.
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Fig. 1. Statistical relationsZ. — R andk — R derived from Delrieu  Fig. 2. Range-bin extinction factor as a function of rainrate, derived
etal., 2000 X band and from Haddad et al., 1997 at Ku, K, and Kaysing relationships plotted in Fig. 1 for the same frequency bands
band. and as a function of the range-bin resolution.

Figure 2 illustrates the impact of the range-bin extinction intense rain and at Ka band and above even for moderate
factor f; on the computation of the apparent radar reflectivity = .
Z, for the same frequency bands of Fig. 1, havihg as a . . . -
parameter. We remind that, in case of negligible impact, it An impact in operational procedures of reflectivity spa-
shouldf, = 1 (or f, = 0dB) tial averaging is expected when significant attenuation due

As expected, for a given rainrate, the range-bin extinction® rainfqll is o_bse_rved. Final_ly, the discrepancy du_e o this
factor f, is less than 1 (or less than 0 dB) for increasing fre- range-bin extinction factor, if not properly _taken Into ac-
quency and range resolution. While at C bafic> —0.5 dB count, can translate into relevant systematic errors of esti-
up to 100 mm/h (not shown), at, band f, < —1dB for mated rainrates and instabilities of path-attenuation correc-
R > 20mm/h andAr < 500 m. tion algorithms.

As a final consideration, let us suppose to operate at X
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