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Abstract. Retrieval of drop size distribution (DSD) param-
eters is one of the longstanding goals of polarimetric radar
measurements. Using a gamma model, estimates for the pa-
rameters of the DSD model are developed for S, C, and X
band frequencies. The model for mean shape of raindrops
is critical to the interpretation of polarimetric radar measure-
ments and DSD retrievals. The shape size relation for rain-
drops is modeled as an equivalent linear form and the slope of
the prevailing shape size relation is also derived. The DSD
retrievals are validated using disdrometer data. It is shown
that the parameters of the DSD namely drop median diameter
(D0) and the intercept parameter log10 Nw can be estimated
to an accuracy of 10%.

1 Introduction

Ever since the introduction of differential reflectivity (Zdr)
measurement, one of the long-standing goals of polarimetric
radar has been the estimation of the raindrop size distribu-
tion (DSD). Seliga and Bringi (1976) showed that Zdr, for
an exponential DSD, is directly related to the median vol-
ume diameter (D0). Careful intercomparisons between radar
measurements of Zdr and D0 derived from surface disdrom-
eters and airborne imaging probes have shown that D0 can
be estimated to an accuracy of about 10–15% (see, for exam-
ple, Aydin et al., 1987; Goddard et al., 1982; Bringi et al.,
1998). A general gamma distribution model was suggested
by Ulbrich (1983) to characterize the natural variation of the
DSD. The specific differential propagation phase (Kdp) is a
forward scatter measurement whereas Zdr is a backscatter
measurement. The weighting of the DSD by Zdr and Kdp

is controlled by the variation of mean raindrop shape with
size. A combination of the three radar measurements (Zh,
Zdr and Kdp) can be utilized to estimate the DSD, specifi-
cally a parametric form of the DSD such as the gamma DSD.
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This paper presents algorithms for the estimation of parame-
ters of a gamma DSD from polarimetric radar measurements
at various frequency bands.

2 Raindrop size distribution

The raindrop size distribution describes the probability den-
sity/distribution function of raindrop sizes. In practice, the
normalized histogram of raindrop sizes (normalized with re-
spect to the total number of observed raindrops) converges to
the probability density function of raindrop sizes. A gamma
distribution model can adequately describe many of the nat-
ural variations in the shape of the raindrop size distribution
(Ulbrich, 1983). The gamma raindrop size distribution can
be expressed as (Chandrasekar and Bringi, 1987),

N(D) = ncfD(D) (m−3mm−1) (1)

whereN(D) is the number of raindrops per unit volume per
unit size interval (D to D + ∆D), nc is the number concen-
tration andfD(D) is the probability density function (pdf).
Whenfd(D) is of the gamma form it is given by,

fD(D) =
Λµ+1

Γ(µ + 1)
e−ΛDDµ, µ > −1 (2)

whereΛ andµ are the parameters of the gamma pdf. Any
other gamma form such as the one introduced by Ulbrich
(1983),

n(D) = N0D
µe−Λd (3)

can be derived from this fundamental notion of raindrop size
distribution. It must be noted that any function used to de-
scribeN(D) when integrated overD must yield the total
number concentration, to qualify as a DSD function. This
property is a direct consequence of the fundamental result
that any probability density function must integrate to unity.
The relation betweenD0, µ andΛ is given by

ΛD0
∼= 3.67 + µ. (4)
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Similarly, a mass-weighted mean diameter Dm can be de-
fined as

Dm =
E(D4)
E(D3)

(5)

whereE stands for the expected value. Using (4),fD(D),
the gamma pdf described by (2), can be written in terms of
D0 andµ as,

fD(D) =
(3.67 + µ)µ+1

Γ(µ + 1)D0
·
(

D

D0

)µ

e
−
[
(3.67+µ) D

D0

]
. (6)

The above form makes the normalized diameter(D/D0) as
the variable rather thanD. Several measurables such as water
content(W ) and rainfall rate(R) can be expressed in terms
of the DSD.

In order to compare the pdf ofD (or, fD(D)) in the pres-
ence of varying water contents, the concept of scaling the
DSD has been used by several authors (Sekhon and Srivas-
tava, 1971; Willis, 1984; and Testud et al., 2000, Bringi and
chandrasekar, 2001, Illingworth and Blackman, 2002). The
corresponding form ofN(D) can be expressed as,

N(D) = Nwf(µ)
(

D

D0

)µ

exp
[
−(3.67 + µ)

D

D0

]
(7)

whereNw is the scaled version ofN0 defined in (3),

Nw =
N0

f(µ)
Dµ

0 (8)

and

f(µ) =
6

(3.67)4
· (3.67 + µ)µ+4

Γ(µ + 4)
(9)

with f(0) andf(µ) is a unit less function ofµ. One inter-
pretation ofNw is that it is the intercept of an equivalent
exponential distribution with the same water content and D0

as the gamma DSD. (Bringi and Chandrasekar, 2001). Thus
Nw, D0 andµ form the three parameters of the gamma DSD.

3 Raindrop shape and implication for polarimetric
radar measurements

The equilibrium shape of raindrops is determined by a bal-
ance of hydrostatic, surface tension and aerodynamic forces.
The commonly used model for raindrops assumes oblate
spheroidal shapes, with the axis ratiob/a, whereb and a
are the semi-minor and the semi-major axis lengths, respec-
tively. Pruppacher and Beard (1970) give a simple model for
the axis ratio (r) based on a linear fit to wind tunnel data as,

r = 1.03− 0.062D; 1 ≤ D ≤ 9mm. (10)

Rotating linear polarization data in heavy rain (Hendry et
al., 1987) has indicated that raindrops fall with the mean ori-
entation of their symmetry axis in the vertical direction. The
large swing in the crosspolar power in their data implies a
high degree of orientation of drops with the standard devia-
tion of canting angles estimated to be around 6◦ assuming a
Gaussian model. It is reasonable to assume that the standard
deviation of canting angles is in the range 5–10◦ (Bringi and
Chandrasekar, 2001).

3.1 Differential reflectivity

The differential reflectivity can be written as (Seliga and
Bringi, 1976),

Zdr = 10 log10

E[σhh(D)]
E[σw(D)]

= 10 log10(ξdr) (11)

where the symbolE represents expectation andσhh andσvv

are the cross sections at horizontal and vertical polarizations,
respectively. Seliga and Bringi (1976) showed that for an ex-
ponential distribution and axis ratio given by (10), Zdr could
be expressed as a function of the median volume diameter
D0. This microphysical link between a radar measurement
and a parameter of the DSD is important. For a more general
gamma form an approximate power law fit can be derived as-
suming−1 ≤ µ ≤ 5, 0.5 < D0 < 2.5 mm andNw chosen to
be consistent with thunderstorm rain rates. Using the Beard
and Chuang (1987) equilibrium shapes power law fits toD0

andDm can be derived as,

D0 = 1.619(Zdr)0.485 (mm) (12)

Dm = 1.529(Zdr)0.467 (mm) (13)

whereZdr is in decibels and the fits are valid at S band fre-
quency (near 3 GHz, Bringi and Chandrasekar, 2001).

3.2 Specific differential phase

Kdp can be related to the water content as (Bringi and Chan-
drasekar, 2001)

Kdp =
(

180
λ

)
· 10−3 · c ·W (1− rm) (deg . km−1) (14)

wherec ∼= 3.75 is both dimensionless and independent of
wavelength. This result links the specific differential phase
with parameters of the DSD. If the slope for of shape size
relation corresponding to equilibrium value (.062) is used in
(14) of the thenKdp is given by,

Kdp =
(

180
λ

)
· 10−3 · c ·W (0.062)Dm(deg . km−1) (15)

ThusKdp is related to the product ofDm and water content.
Though the above result was obtained using the Rayleigh-
Gans approximation, it is valid up to 13 GHz (Bringi and
Chandrasekar, 2001).

3.3 Mean raindrop shape derived from polarimetric radar
measurements

Gorgucci et al. (2000) assumed a simple linear model for axis
ratio versus size of the form,

r = 1− βD (16)

and derived radar-based estimators ofβ.
Let p(r) be the probability density function of the axis ra-

tio for a given diameter (about a mean value such as that
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Table 1. The coefficients ofD0 estimator (in Eq. (19)) at S, C, and
X band

Coefficients a1 b1 c1

S 0.56 0.064 0.024β−1.42

C 0.59 0.083 0.021β−1.16

X 0.627 0.057 0.03β−1.22

given by Eq. 16). The expression forKdp can be generalized
as (Bringi and Chandrasekar, 2001),

Kdp =
2πc′

k0

∫
D3N(D)

∫
(1− r)p(r)drdD (17)

=
2πc′

k0

∫
D3N(D)[1− E(r)]dD (18)

whereE(r) is the mean value ofr, andc′ is a constant. The
functional dependence ofE(r) versusD may be modeled as
in (16). Using the linear model in (16), Gorgucci et al. (2000)
showed the variations of Zdr and Kdp with respect toβ, and
in turn derived an estimator forβ based on polarimetric radar
measurements. This can be used subsequently in algorithms
relatingZdr andKdp to the parameters of the DSD, which
gives rise to a methodology for estimating the gamma DSD
parameters based on radar measurements.

4 Estimators of the gamma DSD parameters

Seliga and Bringi (1976) showed that for an exponential dis-
tribution, the two parameters of the DSD, namelyNw and
D0, can be estimated usingZdr andZh. They used a two-
step procedure where they estimated D0 using an equilibrium
raindrop shape model and subsequently used that in the ex-
pression forZh to estimateNw. This procedure can essen-
tially be applied for a gamma DSD, and generalized to ac-
count for raindrop oscillations using the linear model in (16).
The procedure for estimating the gamma DSD parameters is
as follows: first estimateβ using the algorithm described by
Gorgucci et al. (2000), and subsequently, estimateD0, Nw

andµ recognizing the prevailingβ value. Using simulations
Gorgucci et al. derived an estimator forD̂0 at S-band as,

D̂0 = a1Z
b1
h (ξdr)c1 . (19)

These coefficients for S-band are

a1 = 0.56, b1 = 0.064, c1 = 0.024β−1.42. (20)

Similar estimates can be derived for C and X band using the
corresponding expression for C and X band given in Table 1.

Simulations can also be utilized to evaluate the perfor-
mance of the estimator of D0 in (19). Quantitative analy-
sis of the simulations gives a correlation coefficient of 0.963.
Figure 1 shows the normalized standard deviation (NSD) of
D̂0 as a function of D0. It can be seen from Fig. 1 that D0
can be estimated to an accuracy of about 10% whenD0 >

 

 

 

Fig. 1. Normalized standard deviation (NSD) in the estimates of
D0 as a function of the true value ofD0.

 

 

 

Fig. 2. Normalized standard deviation in the estimates oflog10 Nw,
as a function oflog10 Nw.

1 mm. The corresponding parameters at C and X band are
as follows. The correlation coefficients are 0.93 and 0.95,
whereas the normalized standard errors are 15% and 13% re-
spectively.

4.1 Estimation ofNw

Once D0 is estimated,Nw can be easily estimated using one
of the moments of the DSD such asZh or Kdp. For example,
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Table 2. The coefficients ofNw estimator (in Eq. (22)) at S, C, and
X band

Coefficients a1 b1 c1

S 3.29 0.058 −0.023β−1.389

C 3.01 0.054 −0.02β−1.25

X 2.97 0.07 −0.0294β−1.26

Zh can be written in terms of the gamma DSD parameters as,

Zh

Nw
= Fz(µ)D7

0. (21)

Thus it can be seen thatNw can be estimated in terms of D0.
However, the estimate of D0 can be obtained in terms ofZh

and Zdr (or Kdp and Zdr). Therefore, a direct estimate ofNw

can be pursued of the form,

log10(Nw) = a2Z
b2
h ξc2

dr. (22)

The variability ofa2, b2, c2 can be parameterized in terms of
β at S band as

a2 = 3.29, b2 = 0.058, c2 = −0.023β−1.389. (23)

In summary, the estimator forNw is obtained as follows.
UsingZh, Zdr andKdp first estimateβ. Subsequently, cal-
culate the coefficients in (23) and use in (22) to estimateNw.
Quantitative analysis of the scatter yields a correlation coef-
ficient of 0.831. Figure 2 shows the NSD ofNw as a function
of log10 Nw. It can be seen, from Fig. 2, thatlog10 Nw is es-
timated to a normalized standard deviation of better than 7%
whenlog10 Nw > 3.5. Note that due to the wide variability
of Nw, log10 Nw is the preferred scale of comparison (similar
to dB scale for reflectivity). At C and X bands the parameter-
ization forNw can be obtained in a similar manner and the
results are summarized in Table 2.The normalized standard
deviation in the estimate oflog10 Nw usingKdp andZdr is
also shown in Fig. 2. It can be seen from Fig. 2 that the two
estimators forlog10 Nw works fairly well.

4.2 Parameterization ofµ

The parameterµ describes the overall shape of the distribu-
tion. OnceD0 is estimated,µ can be estimated from param-
eterization, which is skipped here for brevity. Estimatingµ
accurately under practical conditions, especially in the pres-
ence of measurement errors is very difficult using the proce-
dures discussed here.

5 Impact of measurement error on the estimates ofD0

and Nw

Estimators ofD0 use measurements ofZh, Zdr, andKdp.
Any error in the measurement of these three parameters will
directly translate into errors in the estimates ofD0 andNw.

The three measurementsZh, Zdr, andKdp have completely
different error structures.

TheZh is based on absolute power measurement and has
a typical accuracy of 1 dB. TheZdr is a relative power mea-
surement, which can be estimated to an accuracy of about
0.2 dB.Kdp is the slope of the range profile of the differ-
ential propagation phaseΦdp, which can be estimated to an
accuracy of a few degrees. The subsequent estimate ofKdp

depends on the procedure used to compute the range deriva-
tive of Φdp such as a simple finite-difference scheme or a
least squares fit. Using a least squares estimate of theΦdp

profile, the standard deviation ofKdp can be expressed as
(Gorgucci et al., 1999),

σ(Kdp) =
√

3
σ(Φdp)
N∆r

√
N

(N − 1)(N + 1)
, (24)

where∆r is the range resolution of theΦdp estimate andN
is the number of range samples along the path. For a typical
150 m range spacing, and with 2.5◦ accuracy ofΦdp, Kdp

can be estimated over a path of 3 km, with a standard error
of 0.32◦ km−1.

The measurement errors ofZh, Zdr, andKdp are nearly
independent. Simulations were used to quantify the error
structure of the estimates ofD0 andNw. The normalized
standard deviation in the estimates ofD0 andNw including
the effect of measurement error were evaluated. The anal-
ysis shows that in general, there is about a 10% increase in
the NSD ofD0 estimate due to measurement error. Similarly
there is a 4% to 16% increase in the error ofNw depend-
ing on the value ofNw. These errors can be further reduced
using other techniques such as spatial averaging whenever
possible. The following section presents evaluation of the
algorithms developed here using disdrometer observations.

6 Evaluation of the algorithms using disdrometer data,
and application to radar data

6.1 Evaluation using disdrometer data

The algorithms developed in this paper to estimateD0 and
Nw are applied to data collected with a J-W impact dis-
drometer (Joss and Waldvogel, 1967) during a rainfall sea-
son (covering about three months) from Darwin (Australia).
This data set was collected by the Bureau of Meteorology
Research Center (BMRC) and includes a variety of rainfall
types from a tropical regime with rain rates between 1 to
150 mm h−1. The disdrometer data consists of measure-
ments of N(D) in discrete intervals of∆D at 30 seconds
intervals which are subsequently averaged over 2 minutes.
While several methods are available to fit the measured N(D)
to a gamma form (e.g. Willis, 1984), the method used here
is based on Bringi and Chandrasekar (2001). Once the set
of (Nw, D0, µ) parameters are obtained, the radar observ-
ablesZh, Zdr andKdp are simulated based on the following
assumptions:



138 E. Gorgucci et al.: Drop size distribution retrieval

1. Axis ratio versus D relation based on the fit proposed by
Andsager et al. (1999).

2. Gaussian canting angle distribution with mean of 0◦ and
standard deviation 10◦.

3. Truncation of the gamma DSD at Dmax = 3.5 Dm.

The simulated set of radar observables (Zh, Zdr andKdp)
gives an “effective”β of 0.0475 (for comparison the equilib-
rium β is 0.062).

Note that the algorithms forD0 andNw are constructed to
be insensitive to the actual value ofβ, so that the details of
the assumptions used in simulating the set of radar observ-
ables are not of particular relevance, and this fact is indeed
the power of the proposedD0 and Nw algorithms. In or-
der to evaluate these algorithms using disdrometer measure-
ments, the simulated values ofZh, Zdr and Kdp are used
to calculateD̂0, N̂w andµ̂ which are then compared against
D0, Nw andµ estimated by gamma fits to the set of mea-
sured N(D). Disdrometer analysis showed thatD̂0 can be
estimated to NSD<7% especially forD0 > 1 mm. As ex-
pected theD0 estimates get very accurate for higher values.
The log10(Nw) comparison shows that the accuracy in the
retrieval of log10 Nw is quite high (<5%) for Nw >1000
mm−1 m−3 (for reference the Marshall-Palmer value forNw

is 8000 mm−1 m−3).

6.2 Application to radar data

The algorithms described in this paper can be directly applied
to radar data and an example as applied to TRMM (Tropi-
cal Rainfall Measurement Mission) is shown here. Figure 3a
shows the ground radar data of reflectivity with coincident
TRMM radar beam plotted over it. Figure 3b shows the cor-
responding plots of DSD estimates along the TRMM radar
beam (PR) evaluated for comparison against PR retrievals.

7 Summary and conclusions

One of the long-standing goals of polarimetric radar has been
the estimation of the parameters of the raindrop size distri-
bution. Estimators for the parameters of a three-parameter
gamma model, namelyD0, Nw andµ are developed in this
paper based on the radar observationsZh, Zdr andKdp. It
should be noted that the DSD estimates computed here cor-
respond to radar measurements from the radar resolution vol-
ume. Statistical analysis of the estimator ofD0 indicates that
it can be estimated to an accuracy of 10% whenD0 is 2 mm
(and similar accuracies at the otherD0 values). OnceD0

is estimated, other measurements such asZh or Kdp can be
used to estimatelog10 Nw, to a normalized standard devia-
tion of about 6.5% whenNw = 8000 mm−1 m−3 and similar
order at the other values.

The estimation ofµ is not easy because of the least influ-
ence of this parameter on the three measurementsZh, Zdr

andKdp. Therefore; the parametric estimates ofµ derived

 

 

 

 

 

 

Fig. 3. (a) Example of ground based observations and RSD esti-
mates from using TRMM-LBA storm cell. Vertical profile of GR re-
flectivity with location of PR beam indicated by solid vertical lines
drawn to scale.(b) Estimates of the RSD along PR ray correspond-
ing to the ray indicated in panel in panel (a) for altitudes between
the PR clutter level and isocline height. Solid vertical lines indicate
D0, andNw (as labeled), while the dotted is the parameter,µ. In
all panels, solid horizontal lines indicate the 0◦ C isocline altitude
and the PR clutter level (certain), as derived from the PR2A25 and
1C21 data products, respectively.

are not as accurate. At low rain ratesKdp is noisy. There-
fore a hybrid approach is implemented in this paper. When
Kdp ≤ 0.2 deg. km−1, Bringi et al. (2002) have extended
this procedure to low rain rates. The algorithms developed
here were applied to one rainy season of disdrometer data
collected in Darwin, Australia. The disdrometer analysis in-
dicates that the algorithms work fairly well for the estimation
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of D0 andNw. In summary, the algorithms presented in this
paper can be used to estimate the parameters of the raindrop
size distribution, from polarimetric radar data at a frequency
near 3 GHz (S-band), directly. However at C and X bands
attenuation correction needs to be introduced, prior to DSD
estimation
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